Let φ(L(G)) = det(xI −L(G)) = n k=0 (−1) k c k (G)x n−k be the Laplacian characteristic polynomial of G. In this paper, we characterize the minimal graphs with the minimum Laplacian coefficients in G n,n+2 (i) (the set of all tricyclic graphs with fixed order n and matching number i). Furthermore, the graphs with the minimal Laplacian-like energy, which is the sum of square roots of all roots on φ(L(G)), is also determined in G n,n+2 (i).
Introduction
Let G = (V, E) be a simple connected graph with n vertices and m edges. Denote by G n,m the set of all simple connected graphs of order n and size m. If m = n − 1 + c, then G is called a c-cyclic graph. If c = 0, 1, 2 and 3, then G is a tree, unicyclic graph, bicyclic graph and tricyclic graph, respectively. Let P n , C n and S n be the path, the cycle and the star on n vertices, respectively. Furthermore, let G n,m (i) be the set of all simple connected graphs with order n, size m and matching number i. Let L(G) = D(G) − A(G) be the Laplacian matrix of G, where A(G) is its (0, 1)-adjacency matrix and D(G) its degree diagonal matrix. While the Laplacian polynomial of G is the characteristic polynomial of L(G), φ(L(G)) = det(xI − L(G)). Let c k (G) (0 ≤ k ≤ n) be the absolute values of the coefficients of φ(L(G)), so that
For G, H ∈ G n,m , we write G H if the Laplacian coefficients c k (G) ≤ c k (H) for k = 0, 1, 2, . . . , n, and we write G ≺ H if G H and c k 0 (G) < c k 0 (H) for some 0 ≤ k 0 ≤ n. Recently, the study of the structure and properties on the Laplacian coefficients have attracted much attention. As for n-vertex trees, Mohar [6] proved that P n has the maximal Laplacian coefficients and S n has the minimal Laplacian coefficients, respectively. As for n-vertex unicyclic graphs, Stevanović and Ilić [8] showed that C n has the maximal Laplacian coefficients and S ′ n has the minimal Laplacian coefficients, where S ′ n is the graph obtained from S n by joining two of its pendant vertices with an edge. As for n-vertex bicyclic graphs, He and Shan [3] obtained that the Laplacian coefficients are the smallest when the graph is obtained from C 4 by adding one edge connecting two non-adjacent vertices and adding n − 4 pendent vertices attached to the vertex of degree 3. As for n-vertex tricyclic graphs, Pai et al. [7] determined that the coefficients are the smallest when the graph is obtained from the complete graph K 4 by adding n − 4 pendent vertices attached to the vertex of degree 3. Furthermore, in G n,m (i), Ilić [4] characterized the minimal trees with the minimum Laplacian coefficients for m = n − 1; Tan [9, 10] obtained the graphs with the minimum Laplacian coefficients for m = n, n + 1, respectively. Motivated by all these works, in the present paper we are devoted to find the graphs with the minimum Laplacian coefficients for m = n + 2.
In order to state our results, we introduce some notation and terminology. For other undefined notation we refer to Bollobás [1] 
, we denote by G − E 0 the subgraph of G obtained by deleting the edges in E 0 . If E 1 is the subset of the edge set of the complement of G, G + E 1 denotes the graph obtained from G by adding the edges in E 1 . Similarly, if W ⊂ V (G), we denote by G − W the subgraph of G obtained by deleting the vertices of W and the edges incident with them. If E = {xy} and W = {v}, we write G − xy and G − v instead of G − {xy} and G − {v}, respectively.
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Preliminaries
In this section, we introduce some graphic transformations and lemmas, which will be used to prove our main results.
For any graph G and v ∈ V (G), let L v (G) denote the principal submatrix of L(G) obtained by deleting the row and column corresponding to the vertex v.
Lemma 2.1 [2] . Let G = G 1 u : vG 2 be the graph obtained from two disjoint graphs G 1 and G 2 by joining a vertex u of the graph G 1 to a vertex v of the graph G 2 by an edge. Then
Lemma 2.2. Let H be a graph and u a vertex of it. Let G be a graph of order n, which is obtained from H by attaching k 1 pendent edges and k 2 pendent paths of length 2 at u (as shown in Figure 1 ). Then
Proof. We label the rows and columns of L(G) as the vertices
Definition 1 [9] . Let G be a simple connected graph with n vertices, and uv be a non-pendent edge which is not contained in any cycle of length 3. Let G uv be the graph obtained from G in the following way: (1) Delete the edge uv; (2) Identify u and v, and denote the new vertex by w; (3) Add a pendent edge ww ′ to w. We say that G uv is a I-edge-growing transform of G at uv.
Lemma 2.3 [10] . Let G and G uv be the two graphs defined in Definition 1. Let E u uv denote the set of edges incident to u except the edge uv.
. Let G and G uv be the two graphs presented in Definition 1.
. . , n, with equality if and only if either k ∈ {0, 1, n − 1, n} when uv is a cut edge, or k ∈ {0, 1, n} otherwise.
Definition 2. Let G be a simple connected graph with n vertices, and uv be an edge of G which is not contained in any cycle of length 3,
and uu ′ is a pendent edge. Let G ′ uv be the graph obtained from G in the following way: (1) Delete the edge uv and vertex u ′ ; (2) Identify u and v, and denote the new vertex by w; (3) Add a pendent path ww ′ u ′ to w. We say that G ′ uv is a II-edge-growing transform of G at uv.
Remark 1 [9] . Let G and G ′ uv be the two graphs presented in Definition 2. Then
Proof. The proof is similar to that of Theorem 2.5 in [9] . Thus we omit it.
Remark 2. Lemma 2.5 is a generalization of Theorem 2.5 from [9] and Theorem 2.1 from [10] .
Definition 3 [10] . Let H, G 1 , G 2 be three connected graphs and let v 1 , v 2 be two vertices of H. Let G be the graph of order n obtained from H, G 1 , G 2 by identifying v i and a vertex v i of G i (still denote this new vertex by v i ) (i = 1, 2) and adding a pendant edge v 2 v to v 2 . Let z 1 , z 2 , . . . , z t be all adjacent vertices of v i = v 2 in G 2 and let G ′ be the graph obtained from G by deleting edges
Lemma 2.6 [10] . Let G and G ′ be the two graphs presented in Definition 3 such
. . , n, with equality if and only if k ∈ {0, 1, n − 1, n}.
Definition 4 [10] . Let H, G 1 , G 2 be three connected graphs and let v 1 , v 2 be two vertices of H. Let G be the graph of order n obtained from H, G 1 , G 2 by identifying v i and a vertex v i of G i (still denote this new vertex by v i ) (i = 1, 2). Let z 1 , z 2 , . . . , z t be all adjacent vertices of v i = v 2 in G 2 and let G ′ be the graph obtained from G by deleting edges v 2 z 1 , v 2 z 2 , . . . , v 2 z t and adding edges v 1 z 1 ,
Lemma 2.7 [10] .
Main Results
Let G be a tricyclic graph. The base of G, denoted by G, is the minimal tricyclic subgraph of G. Obviously, G is the unique tricyclic subgraph of G containing no pendant vertex, and G can be obtained from G by planting trees to some vertices of G. By [5] , we know that tricyclic graphs have the following four types of bases (as shown in Figures 2-4 Lemma 3.1. Let G * be the minimal element in G n,n+2 (i) under the partial order . Then (i) each vertex of G * not on G * has degree at most 2;
(ii) each pendent path of G * has length at most 2;
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(iii) there is no cut-edge in G * ; (iv) the length of an internal path is at most 2 in G * . Proof. Let M (G * ) be a maximum matching of G * containing the most pendent edges. Similarly to the proof in [9] , we can prove (i) and (ii). Now we only prove (iii) and (iv).
(iii) Suppose, for contradiction, that there is a cut-edge uv in G * . Obviously, it is also a cut-edge of G * . Case 1. If uv ∈ M (G * ), by I-edge-growing transform of G * at uv, we can get a connected tricyclic graph G * uv which is also in G n,n+2 (i), where M (G * uv ) = M (G * ) − uv + ww ′ . By Lemma 2.4, we have G * uv ≺ G * ; it is a contradiction.
, by I-edge-growing transform of G * at uv, by Lemma 2.3, G * uv is also in G n,n+2 (i). Further by Lemma 2.4, we have G * uv ≺ G * ; it is also a contradiction.
, by (i), (ii) and the choice of M (G * ), e 0 must be a pendent edge. By II-edge-growing transform of G * at uv, we can get a connected tricyclic graph G * ′ uv ; similarly to the proof of Theorem 3.3 in [9] , we also can obtain a graph W ≺ G * , a contradiction, too.
. By the choice of M (G * ), there is no pendent edge at u or v in G * . If e 0 is also a cut-edge in G * , by I-edge-growing transform of G * at e 0 , following Case 1, we can obtain a contradiction. Further by Lemma 2.4, e 0 must be on a triangle C 3 in G * ; without loss of generality, let C 3 = uyz, where e 0 = uy.
(1) If there is no pendent edge at z, let M = M (G * ) − e 0 + yz. By I-edgegrowing transform of G * at uv, we have G * uv ≺ G * , a contradiction. (2) If there is a pendent edge at z, letG be the graph obtained by deleting edge e 0 and adding edge zv. By Lemma 2.6, we haveG ≺ G * , a contradiction.
(iv) By (iii), we know that every edge in an internal path of G * must be in a cycle. Further by Lemmas 2.4 and 2.5, we can obtain the desirable result. 
Lemma 3.2. Let T 3
i (i = 1, 2, 3, 4) be the graphs as shown in Figure 5 . Then
Proof. Let H be the graph obtained from T 3 1 by deleting all the vertices in the pendent edges and pendent paths. By Lemma 2.2, we have
where
Similarly, we have
) is a polynomial of order n − 2 whose coefficients are alternately positive and negative. Let A = 
. . , n. The equality holds if and only if k ∈ {0, n − 1, n}.
Proof. Let G * be the minimal element in G 3 n,n+2 (i) under the partial order . Now we only need to prove G * ∼ = T 3 1 . Let M (G * ) be a maximum matching of G * containing the most pendent edges. By Lemma 3.1, we have
1 , let H = C b = xyz, G 1 be the component of G * − {xy, xz, yz} containing y and G 2 be the component of G * − {xy, xz, yz} containing x. If there exist pendent edges at x, by the choice of M (G * ), we know that there is a pendent edge xx ′ belonging to
By an α 3 -transform of G * from x to y, we can obtain a graph G. Obviously, N H (x) − {y} ⊆ N H (y) − {x}, by Lemma 2.7, we have G ≺ G * , it is contradict to the choice of G * .
7 , then G * ∼ = T 3 i for some i ∈ {1, 2, 3, 4} (as shown in Figure 5 ). Further by Lemma 3.2, we have G * ∼ = T 3 1 . µ k (G).
Stevanović [11] proved a connection between Laplacian-like energy and Laplacian coefficients of a graph G.
Theorem 4.1 [11] . Let G and H be two n-vertex graphs. If c k (G) ≤ c k (H) for k = 1, 2, . . . , n − 1, then LEL(G) ≤ LEL(H). Furthermore, if a strict inequality c k (G) < c k (H) holds for some 1 ≤ k ≤ n − 1, then LEL(G) < LEL(H).
By Theorems 3.9 and 4.1, we have the following result. 
